In this paper, we consider the following logistic equation with piecewise constant arguments: and [t] means the maximal integer not greater than t. The sequence {N n } ∞ n=0 , where N n = N (n), n = 0, 1, 2, · · ·, satisfies the difference equation
Introduction
The logistic equation
is well known as one of several models of the dynamics of a single population. Moreover, the delay logistic equations
and a logistic equation with a piecewise constant argument
are also considered on mathematical ecology, where [t] means the maximal integer not greater than t.
We consider the following logistic equation with piecewise constant arguments: The following lemma implies (1.1) has a unique positive solution. In case of m = 0, it is already known that r ≤ 2 is the necessary and sufficient condition of lim t→∞ N (t) = N * ( see for example, Seifert [9] and Matsunaga, Hara and Sakata [4] ).
Concerning sufficient conditions for m ≥ 1, Gopalsamy et al. [2] showed that e r(m+1) < 2 and So and Yu [10] extend this condition to r(m + 1) ≤ 3 2 . Theorem A (See So and Yu [10] ). In (1.1) and (1.2), for the positive equilibrium N * , if
Crone [1] studies local stability of the positive equilibrium and its bifurcations. On the other hand, Muroya [5] offer the following theorem to the equation (1.1). [5] ). Assume (1.2) and a 0 > m j=1 a j , and 0 < r ≤ 1.
Theorem B (See Theorem 2.1 in Muroya
(1.6)
that is, solutions of (1.1) have the contractivity. Moreover, the positive equilibrium N * of (1.1) is globally asymptotically stable.
Note that Wang et al. [11] have investigated more general nonautonomous equations than (1.3), and in the special case (1.3), obtained conditions (a) and (b) of Theorem 3 in [11] become the same to (1.6). Concerning conditions for the global asymptotic stability of the system, Muroya [7] has established a little improved proof for using a Lyapunove-like function (cf. Wang et al. [11] ). In particular case, we have the following result to (1.1) (see Muroya [8] ).
Theorem C (See Muroya [8] ). The positive equilibrium N * of (1.1) is globally asymptotically stable, if
(1.8)
On the other hand, Muroya [6] investigate the following equation 9) and established the following sufficient conditions for the "contractivity" of solutions and global asymptotic stability for the positive equilibrium N *
a i , and put Earlier, Seifert [9] and Liu and Gopalsamy [3] have studied for the case r(t) ≡ r and m = 0, and for a particular case a = 0, it is known that the positive equilibrium N * is globally asymptotically stable, if and only if, 0 < r ≤ 2 (see for example, Matsunaga, Hara and Sakata [4] ). These conditions are different from the condition (1.4).
Let N (t) be the positive solution of (1.1), and set
(1.13)
Then, x(t) satisfies the differential equation if, and only if, the zero solution of the (1.14) is the globally attractive, i.e., any solution x(t) of (1.14) satisfies lim t→∞ x(t) = 0.
In this paper, we investigate sufficient conditions that all solutions N (t) of the equations (1.1) satisfy lim 16) where
is the positive equilibrium of (1.1). Under the condition that the first term a 0 dominates other m coefficients a i , 1 ≤ i ≤ m on the right-hand side of the differential equation (1.14) in case of m ≥ 1, we establish new sufficient conditions of the global asymptotic stability for the positive equilibrium N * of (1.1) and greatly improve results (1.6) in Muroya [5] , (1.8) in [6] , and Theorem 3.5 in [8] for the special case a = 0. The following theorem is our main result. From Corollary 1.1, we can determine the sufficiently small unknown constant a 0 of Theorem 3.4 in Seifert [9] as a 0 = 2/e. The condition (1.17) of r 1 and r 2 that the positive equilibrium N * is globally asymptotically stable, is a different condition from those of Gopalsamy et al. [2] and So and Yu [10] .
The organization of this paper is as follows. In Section 2, we offer new conditions of lim t→∞ x(t) = 0 for (1.14) with a general setting (2.2) of the function f (x). In Section 3, for the special f (x) = e x − 1, we establish conditions of Lemmas 2.2, 2.4 and 2.5 in Section 2 and using Theorem B, we prove Theorem 1.1.
New conditions for global attractivity
In this section, we consider a more general equation than (1.14) with a general setting of the function f (x) as follows:
where we assume (1.2) with a 0 > 0 and suppose that
Note that if f (x) = e x − 1, then we get the original equation (1.14) which is derived from equation (1.1) by (1.13).
We consider a sufficient condition for the global attractivity of the solution x(t) ≡ 0 for the differential equation (2.1) with piecewise constant arguements. In a similar way to the proof of Lemma 1.1 (see Gopalsamy et al. [2] ), by integrating the both sides of the equation (2.1) from n to t on the interval [n, n + 1), n = 0, 1, 2, · · ·, we find
The solution of (2.1) is written as
As t → (n + 1) − 0, we have
Then,
3)
To show lim t→∞ x(t) = 0, it is enough to show lim n→∞ x n = 0. Put
and (2.3) is written by
Now, we consider the conditions of lim n→∞ x n = 0. For (2.3) (and also (2.6)), we have the following lemmas.
, if x n is eventually nonpositive or eventually nonnegative, then it holds that lim n→∞ x n = 0.
Proof. In (2.3), assume that x n is eventually nonpositive for n ≥ n 0 . Then, by the strictly monotone increasing function f (x) of x on (−∞, +∞), we have that
Thus, {x n } ∞ n=n 0 +m−1 is a monotone increasing sequence which is bounded above by 0. Put lim n→∞ x n = α. Then, we have that f (α) = 0, which implies α = 0. Similarly, if x n is eventually nonnegative, then we have lim
Lemma 2.2 Assume that ϕ(x) attains a unique local maximum at
and for L ≤ 0, put
then it holds that lim
x n is eventually nonpositive or eventually nonnegative, then it only occurs that x n is eventually nonpositive. Then, by Lemma 2.1, we get lim n→∞ x n = 0. Now, we assume that x n is not eventually nonnegative nor eventually nonpositive. Then, similar to the proof of Theorem A (see So and Yu [10] and also Gopalsamy et al.
[2]), we can take a sequence
and x(t) > 0 on (ξ 2n−1 , ξ 2n ) and x(t) < 0 on (ξ 2n , ξ 2n+1 ), n = 1, 2, · · ·, and ξ n+1 − ξ n > m + 1. Let t n be a point that attains a maximal value of x(t) on (ξ 2n−1 , ξ 2n ) and s n be a point that attains a minimal value of x(t) on (ξ 2n , ξ 2n+1 ), that is,
, and x(s n ) = min
Then, we have for n = 1, 2, · · ·, t n and s n are positive integers,
and
Because if (2.12) does not hold, then the right-hand side of (2.11) is a negative value, which is a contradiction. Similarly, we have (2.13). By integrating (2.1) from T n to t n , we have that from t n − T n ≤ m + 1,
Hence we have
We know that ϕ(x) has a unique local maximal at x = L * < 0. We consider an upper bound of x n for n > ξ 2(k+1)−1 . Then,
Next, we consider a lower bound of x n for n > ξ 2(k+1) . Then,
Assume that L k is a lower bound of x n for n > ξ 2k . Since
is an upper bound of x n for n > ξ 2(k+1)−1 , we have that if lim k→∞ L k = 0, then 
Proof. If x(t) is eventually nonpositive or eventually nonnegative, then by Lemma 2.1, we get lim n→∞ x n = 0. Therefore, we assume that x n is not eventually nonnegative nor eventually nonpositive. Then, as similar to the proof of Theorem A (see So and Yu [10] and also Gopalsamy et al. [2] ), we can take a sequence 
), for L < 0, and we have that ( 
Since H(L) is a strictly monotone increasing function of L on (−∞, 0] and lim
Thus, L 1 is a lower bound of x n for n > ξ 2 , that is,
Next, Let us consider an upper bound of x n for n > ξ 3 . Since for n > ξ 3 ,
Moreover, we have that for
from which we get 0 < R 2 < R * . Let us consider a lower bound of x n for n > ξ 4 . Since 0 < R 2 < R * , we see that for n > ξ 4 ,
and by (2.17), we have L 1 < L 2 < 0. Next, assume that for k ≥ 1,
We consider an upper bound of x n for n > ξ 2(k+1)−1 . Then,
Similarly, let us consider a lower bound of x n for n > ξ 2(k+1) . Then, for n > ξ 2(k+1) ,
and for
Finally let us show that for
we have that
By assumption, 0 ≤ r 2 < r 1 < 1. But in Theorem B, for the special f (x) = e x − 1, we do not need this condition.
Lemma 2.4 Assume that ϕ(x) attains a unique local maximum at
Then, there exist a uniqueL < 0 such that
20)
and it holds that
and G(L) > L f or any L ≤L, (2.23)
then it holds lim n→∞ x n = 0.
Hence, by the mid-point theorem, there exists a uniqueL < 0 such that
is eventually nonpositive or eventually nonnegative, then by Lemma 2.1, we get lim n→∞ x n = 0. Therefore, we assume that x(t) is not eventually nonpositive nor eventually nonnegative. For n > ξ 3 , n − j − 1 > ξ 2 , 1 ≤ j ≤ m and
, and we have x n ≤ R 2 , f or n > ξ 3 . Next, consider a lower bound of x n for n > ξ 4 
Similarly, consider an upper bound of x n for n > ξ 5 . Then,
Next, let us assume that for some positive integer k ≥ 2,
Consider an upper bound of x n for n > ξ 2(k+1)−1 . Then,
Similarly, let us consider a lower bound of x n for n > ξ 2(k+1) . Then,
Thus, by inductions, we get a strictly monotone decreasing sequence {R k } ∞ k=1 and a monotone increasing sequence
Then, we have that
)f (L) ≥ 0, by assumption r 1 > r 2 , we get that f (R) = f (L) = 0 and hence, R = L = 0. Thus, we obtain that lim n→∞ x n = 0.
Next, consider the case that −r(m
Consider an upper bound of x n for n > ξ 3 . Then,
. Then, we have x n ≤ R 2 , f or n > ξ 3 . Consider a lower bound of x n for n > ξ 4 . Then
Now, we restrict our attention to only lower bound of x n , and assume that for some
Suppose that L k ≤L. Consider an upper bound of x n for n > ξ 2(k+1)−1 . Then,
. Now, consider a lower bound of x n for n > ξ 2(k+1) . Then,
Hence, similar to the caseL ≤ −r(m + 1)f (r(m + 1)), we obtain lim n→∞ x n = 0. 2
Lemma 2.5 Assume that ϕ(x) attains a unique local maximum at
Then, there exist a uniqueL = 0 such that 3 Proof of Theorem 1.1
In this section, we restrict our attention to f (x) = e x − 1 and consider the corresponding conditions to Lemmas 2.1-2.5.
(3.1)
and for (2.3)-(2.5) with r 2 = 0, lim
Proof. First, consider the following function:
Then, for f (x) = e x − 1 and
x−(r 1 +r 2 )(e x −1)
}.
Thus,
, and g 1 (t) = (r 1 + r 2 ){(r 1 + r 2 )t − 2}e (r 1 +r 2 )(1−t)
. Therefore, we have that
and hence, g 1 (t) is a strictly monotone increasing function of t on (0, +∞). Thus, 
Then, each of the following holds:
Proof. a) i) By assumptions, we have
) .
Now, consider
and hence,
Therefore, we get
Thus, g 2 (x) is a strictly decreasing function on [1, 2 − r 2 ] and
, 
and hence, by
. Hence, by (3.5), (3.6) and a), we obtain and let
Then, there exists a uniqueL < 0 such that 10) and each of the following holds: , given in Muroya [5] , [6] , [8] and (1.17), respectively. We end this section by our conjecture that under the condition r 1 > r 2 , the positive equilibrium N * of (1.1) is globally asymptotically stable, if and only if, 0 < r ≤ 2.
(3.14)
